Abstract-For Rayleigh fading channels, Ricean fading channels with a small parameter and shadowed Rician channels with the code design criteria are to maximize the effective length as well as the minimum product distance of the code. In this paper, we use two different asymmetric 8-PSK signal sets in 4-state and 8-state rate 2/3 trellis-coded modulation (TCM) schemes and show performance gain over TCM schemes with symmetric 8-PSK constellations. The performance gain is due to an increase in the minimum product distance compared to that of the best known TCM schemes of comparable states using symmetric 8-PSK signal sets while the effective length remains same. Simulation is performed over the Rayleigh, Ricean, and shadowed Rician fading channels to demonstrate the performance gain of the asymmetric 8-PSK TCM schemes over the symmetric 8-PSK TCM.
I. INTRODUCTION
T RELLIS-CODED modulation (TCM) schemes achieve good power and bandwidth efficiency for additive white Gaussian noise (AWGN) channels [1] . In recent years, TCM has increasingly been used in such channels as the mobile radio and indoor wireless channels, which are often modeled as a fading channel [2] - [8] . Recently, this channel is also being used for data transmission, in addition to speech. Typically, the acceptable speech error rate is 10 −3 , while data error rates smaller than 10 −5 are necessary. In this paper, we consider combining TCM schemes with asymmetric PSK (APSK) signal sets as a means of improving the minimum product distance and improving the performance especially at data error rates. Asymmetry has been introduced in the 8-PSK signal set in such a way as to improve the minimum product distance. The type of asymmetry in the 4-state and 8-state cases differ.
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be minimized [3] . Four-state rate 2/3 symmetric 8-PSK TCM schemes have been studied in connection with use in Rayleigh and shadowed mobile radio channels [2] , [7] , [8] . Fig. 1(a) shows the symmetric 8-PSK signal set and Fig. 1(b) and (c) shows the asymmetric 8-PSK signal sets used in this paper instead of symmetric 8-PSK signal set. Since the presence of parallel transitions in the trellis associated with the TCM scheme limits the effective length to one, it should be avoided for applications in fading channels. Fig. 2(a) shows the state transitions of a fully connected, 4-state TCM scheme without parallel transitions with signal points associated with transitions given by Fig. 2 (b) for Wilson and Leung code [7] and Fig. 2 (c) for Jamali and LeNgoc code [8] . Wilson and Leung have suggested a scheme that results in an effective length of two, which is the maximum achievable time diversity with 4-state 8-PSK TCM schemes. However, the minimum product distance has not been optimized resulting in a path with actual length 3 and effective length 2 with product distance of , where is the radius of the circle in Fig. 1(a) [2, ch. 5]. Jamali and LeNgoc describe design rules which optimize the minimum product distance and improve the same to while maintaining the effective length at 2 resulting in signal point assignment as shown in Fig. 2(c) . In this paper, using the signal point assignments of [8] we further improve the performance using an asymmetric 8-PSK signal set shown in Fig. 1(b) . Du and Vucetic [9] match the performance of Jamali and LeNgoc code with Gray code labeling of the 8-PSK signal set.
The 8-state rate 2/3 8-PSK Ungerboeck code [1] has a trellis without parallel transitions. Fig. 3 shows the state transitions of the 8-state Ungerboeck code. It achieves the maximum effective length of two that is possible for an 8-state rate 2/3 8-PSK code. This code has a minimum product distance of . This is the best known 8-state rate 2/3 8-PSK TCM scheme for fading channels (incidentally also for AWGN channels). The use of trellis coding with asymmetric modulations has been considered earlier by Divsalar, Simon, and Yuen, in [10] , for AWGN and Divsalar and Simon in [6] for fading channels. In [10] and [6] , the asymmetric M-PSK signal set is created by adding together the symmetrical M/2-PSK signal set with a rotated version of itself and the signal point assignment was made by "mapping by set partitioning" [1] . The asymmetric 8-PSK constellation used by Divsalar et al. in [10] and [6] is shown in Fig. 1(b) . The angle of rotation is optimized for the channel. However, for 4-state and 8-state rate 2/3 8-PSK schemes the use of asymmetry in this way has not given any improvement over the symmetric coded signal set. We show that introducing asymmetry as shown in Fig. 1 in the 4-state and 8-state cases differ. This is elaborated in Section III. Simulation is used to verify that in both the 4-state and 8-state cases the 8-APSK TCM indeed outperforms the 8-PSK TCM as predicted by the analysis. Simulation results for Rayleigh, Rician, and shadowed Rician channels are presented in the paper.
Throughout, we assume that the effect of the fading on the phase of the received signal is fully compensated and that the fading amplitude is known, i.e., channel state information (CSI) is available. Also, we consider the case of ideal interleaving. This paper is organized as follows. In Section II, we describe the system model and the various types of fading considered in this paper and describe an asymptotic error analysis for fading channels. In Section III, we discuss code design for asymmetric PSK signal sets, and in Section IV we present simulation results and give a reasoning for the observed results. Section V, contains a few concluding remarks. Fig. 4 shows the block diagram of the TCM scheme on a fading channel considered in this paper. Input bits are encoded by a rate 2/3 convolutional encoder and mapped onto a 8-PSK symbol set. Let (1) denote the symbol sequence before ideal interleaving. We assume that the receiver performs coherent detection and hence compensates the channel phase shift at the receiver. The channel produces a noisy discrete-time sequence. After deinterleaving this noisy discrete-time sequence, is written as
II. SYSTEM MODEL
Here, is a complex noise process. and are uncorrelated zero mean Gaussian r.v.'s each with variance . is a random variable representing the random amplitude of the received signal.
For a channel with only a diffuse multipath component the fading amplitude is Rayleigh distributed with a probability density function (pdf)
For a channel with a direct line-of-sight (LOS) component present, in addition to the diffuse multipath components, the fading amplitude is Ricean distributed with a pdf [2] (4) where ratio of the energies of the received signal in the direct and diffuse components; zero-order modified Bessel function of the first kind. Notice that for the case when the direct component has energy zero, which corresponds to the Rayleigh fading case.
For large values of the channel exhibits slight fading. For we have the AWGN channel. When the direct LOS component is not constant but lognormally distributed, the fading amplitude models shadowed Rician fading. The fading amplitude may be expressed as with where are three independent Gaussian random variables with zero mean and variances , and , respectively. The pdf of the LOS component , which is a lognormally distributed random variable, may be expressed as Thus (5) The values for the , and for light, average, and heavy shadowed Rician channels [11] based on the land-mobile satellite channel model of Loo [12] are given in Table I .
The pdf has been normalized in (1) and (2), that is the fading amplitude, has a mean-squared value of unity. This implies that the measured signal energy at the receiver represents the average signal energy per channel symbol. We assume that the fading amplitude, , is perfectly estimated at the receiver. Ideal interleaving is assumed, that is, an interleaver with infinite depth is used. This assumption implies that the fading amplitudes are statistically independent and provides a memoryless channel model for the performance analysis.
The two sequences and are the inputs to the decoder which performs maximum likelihood (ML) decoding using Viterbi algorithm. An upper bound on the average error probability of this system is obtained as [3] ( 6) where is the set of all valid sequences, is the a priori probability of transmitting is the pairwise error probability, i.e., the probability that the decoder wrongly decodes to when was the transmitted sequence.
A. Asymptotic Performance Analysis
The upper bound on the pairwise error probability for the system described above, i.e., coherent detection, perfect channel state information (CSI) and independent fading in each channel symbol, using a Rician model for the channel, is given as [3] (7)
where shows the set of all for which . For large SNR (7) simplifies to (8) where Substituting (8) in (6) the average error probability for large SNR's may be approximated by [2] (9) where denotes the effective length of the code; denotes the minimum-squared product distance between signal points of error event paths with effective length ; 
For
, AWGN channel, the approximation for is given by (11) where is the minimum-squared Euclidean distance of the code, denotes the multiciplicity of error events with distance and is the Gaussian error-probability function. For large values of also (11) serves as a good approximation for the average error probability.
The upper bound on the pairwise error probability for a shadowed Rician channel in the above system is given as [2] (12) where Substituting (12) in (6) the average error probability for large SNR's may be approximated by (13) where III. CODE DESIGN Based on (9), (10), and (13), the code design criteria for Rician channels with small , Rayleigh fading channels ( ) and shadowed Rician channels with perfect CSI are as follows.
1) Maximize the effective length of the code .
2) Maximize the smallest product of the squared distances of signals along the error events of effective length . 3) Minimize the multiplicity of error events, , at the smallest product distance. Based on these code design criteria for fading channels we present new asymmetric PSK codes in this section.
Equations analogous to those in Section II-A can be obtained when no CSI is present at the receiver. The code design criteria for this case are also as above. For the AWGN channel and Rician channel with large , based on (11), is to be maximized and is to be minimized.
A. Design of 4-State Rate 2/3 8-APSK TCM
Based on the code design criteria for fading channels 4-state rate 2/3 symmetric 8-PSK TCM schemes have been constructed in [2] , [7] , and [8] . Fig. 1(a) shows the symmetric 8-PSK signal set with relevant distance marked. Since parallel transitions limit the effective length to one, these should be avoided for applications in fading channels. Fig. 2(a) shows the state transitions of a fully-connected, 4-state TCM scheme without parallel transitions. The maximum effective length that a TCM scheme with one symbol per trellis branch can achieve is limited by the number of input bits and the number of encoder memories [2, ch. 5]. The maximum achievable effective length for a 4-state rate 2/3 8-PSK TCM scheme is two.Wilson and Leung [7] have suggested such a scheme that results in . However, has not been optimized resulting in a path with actual length 3 and effective length 2 with , where is the radius of the circle in Fig. 1(a) . In [8] , Jamali and LeNgoc describe design rules which optimize and improve the same to . Fig. 2(c) shows the state transitions in matrix form of the 4-state rate 2/3 8-PSK TCM schemes obtained following these rules that achieve this minimum-squared product distance [8] .
We show here that following the design rules of Jamali and LeNgoc for 8-PSK signal set with asymmetry as shown in Fig. 1(b) further increases the value of [13] . The increase depends on the value of asymmetry (see Table II ) and the maximum value achievable is four which is attained for an . Moreover, the free Euclidean distance also improves marginally compared to Jamali and Le-Ngoc. Table III summarizes the performance of known 4-state symmetric 8-PSK schemes with the last column showing the performance of the asymmetric 8-PSK scheme proposed here.
We first consider the Jamali and LeNgoc code obtained by the labeling shown in Fig. 2(c) . In this code the minimum-squared product distance is achieved by the combination [2] (14)
The diverging branches from a node have signal points separated by either or . For actual length 2 (also effective length 2) error events if the squared distance between the diverging branches is then the squared distance between the merging branches is and if the diverging branch has squared distance then the merging branches have squared distance at least . The pair of signal points contributing in (14) have to be on the merging branches. Observing columns of the matrix shown in Table II , it follows that the term in the above expression appears only in one of the following ways: or and in no other way, i.e., no other combination of the form can appear as branch labels in the same level, since both and do not appear in any column in Fig. 2(c) . Introduction of asymmetry as shown in Fig. 1(b) increases the distance among the pairs and . This is the key to the improvement of the minimum-squared product distance. To elaborate, let the angle of asymmetry introduced be as shown in Fig. 1(b) . Due to the asymmetry the signal points and do not change their position while other points change their positions. Let the new distances after introducing asymmetry be as shown in Fig. 1(b) . Notice that the distances between error events of effective length and actual length 2 are given in the first column of Table II and the same squared product distances either decrease or increase after introducing asymmetry as shown in the third column.
Notice that the minimum-squared product distance always increases; this is due to the fact that only the pairs and contribute to and asymmetry increases the distance among points of these two pairs. For an angle of asymmetry , we have which goes on increasing as increases. But the next higher squared product distance is . Hence, is increased up to that value for which which gives . The free Euclidean distance for the APSK TCM scheme introduced above is (15) which is marginally higher than for the Jamali and LeNgoc code (see Table III ). It is therefore expected that this code will perform better over the AWGN channel also. Fig. 3 shows the transitions of the 8-state Ungerboeck's TCM scheme [1] obtained by mapping by set partitioning in matrix form. This code, when combined with symmetric 8-PSK, has free Euclidean distance, , an effective length, , and minimum-squared product distance along error events of effective length 2,
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. In fact, all the 64 length-two error events have the same squared product distance. In all cases, this squared product distance is achieved by the combination [refer to Fig. 1(a) ] (16) In the term above, is contributed by diametrically opposite points and Fig. 1(a) shows the pairs, marked by similar shapes, that contribute to the in . This prompts us to introduce asymmetry by moving one point from the pairs that contribute to in such a way that increases while retaining diametrical oppositeness, thereby not changing , as shown in Fig. 1(c) . The distances contributed by diametrically opposite signal points remain the same. The new distances after introducing asymmetry are as shown in Fig. 1(c) . Now, for the code based on the asymmetric signal set is (17) which goes on increasing as increases. Hence, all product distances for length two error events go on increasing. Now, increasing results in lower average bit error probability for asymptotically large SNR's.
The free Euclidean distance of the code is given by (18) which reduces with increasing asymmetry. It is to be noted that the asymmetric 8-PSK signal sets for the 4-state and 8-state 8-APSK TCM schemes are different. In the 4-state case the asymmetric 8-PSK signal set is the superposition of a 4-PSK signal set with a rotated version of itself. However, in the 8-state case the asymmetric signal set is constructed by adding together the symmetrical 2-PSK signal set with three rotated versions of itself. The type of asymmetry introduced is dependent on the code itself and is introduced in such a way as to improve the minimum product distance of the code. 
IV. SIMULATION RESULTS
The APSK TCM codes discussed have been designed based on the fading channel code design criteria enumerated in Section III. Hence, the codes have been designed to have the max- imum possible effective length 2 in the case of codes considered in this paper, and we have used asymmetry in the PSK signal set to maximize the minimum product distance along error events of length 2. This leads to asymptotically good performance at large SNR's. For large SNR's, the error event probability is approximated by (9) , (10) , and (13) for the respective channels. At lower SNR, the minimum-squared product distances along error events of length 3 or more will dominate in the error event probability calculation if they are much smaller than . In such a situation, the error event probability can no longer be predicted by (9), (10), or (13) . In the case of a Rayleigh fading channel, the contribution to the error event probability of the error events of length 3 is given by (19) and the contribution to the error event probability of error events of effective length 2 is given by (20) At lower SNR, (19) contributes more to the probability of error computation. For larger angles of asymmetry ( ), this quantity becomes smaller. This in turn implies that (20) becomes effective only at much larger SNR. Therefore, for larger angles of asymmetry, the APSK code performs better than the symmetric PSK code only at large values of SNR. Analogous arguments may be made for the Rician (small ) and shadowed Rician channels.
A. Simulation Results for 4-State Rate 2/3 8-APSK TCM
By listing out the length 2 and length 3 error events, it can be verified that for the symmetric 8-PSK TCM scheme (see Table II ) and . For the asymmetric 8-PSK TCM scheme (see Table II ) if we increase the angle of asymmetry further this number comes down to 32. The minimum length 3 product distance is achieved by the combination For increasing this term becomes smaller and smaller and adversely affects the performance of the code at lower SNR. The different parameters are shown in Table IV for the symmetric and asymmetric cases. Interestingly, it is noted that and , the terms that contribute to the minimum product distance for length three error events, are the terms that contribute to the free Euclidean distance of the code (15). Fig. 5 shows the results of the simulation carried out for Wilson and Leung code (WL), Jamali and LeNgoc code (JN) and the APSK code of this paper (15 ). The decision depth of the Viterbi decoder was 18 symbols in both cases. The APSK code discussed in this paper shows improvement over the Jamali and Le-Ngoc code for smaller than 10 −4 over all channels considered. There is an improvement of about 0.3-0.4 dB around the bit error probability 10 −5 over the Rayleigh fading channel and shadowed Rician channels. Over the Rician channels this improvement is about 0.2-0.3 dB. An improvement in the range 0.2-0.4 dB implies 5-10% savings in power. The reason for the APSK code showing better performance over Rayleigh, Rician, and shadowed Rician channels is that it improves in both minimum product distance and free Euclidean distance over WL and JN codes (see Table III ).
B. Simulation Results for 8-State Rate 2/3 8-APSK TCM
By listing the length 2 and length 3 error events it can be verified that and for . The minimum length 3 product distance for is achieved by the combination and for by the combination
The various parameters are shown in Table V for angles of asymmetry less than 45 and in Table VI for angles greater than 45 . An angle of asymmetry larger than 45 corresponds to points crossing over the adjacent points , respectively. At this point, a number of error event paths with length 3, but squared product distance more than begin taking values close to . Again, and , the terms that contribute to the minimum product distance for length three error events, are the terms that contribute to the free Euclidean distance of the code (18). Fig. 6 shows the results of the simulations carried out for the proposed 8-APSK signal set for (DEG15) and the symmetric 8-PSK case (UNG). The decision depth of the Viterbi decoder was 24 symbols in both cases. Fig. 6(a) shows that indeed the 8-APSK TCM code performs better than the symmetric TCM code over the Rayleigh fading channel at high SNR. At , there is an improvement of about 0.4 dB over the Rayleigh fading channel. Over the light, average and heavy shadowed Rician channels [ Fig. 6(c) ] the APSK code begins to perform better, albeit, at high SNR's. As introducing asymmetry has brought down the Euclidean distance of the resulting APSK code compared to the symmetric PSK code it is seen that over the Rician channels with large [ Fig. 6(b) ] the symmetric PSK code performs better than the APSK code. For Rician channels with smaller [ Fig. 6(b) ] the APSK code again crosses over at high SNR.
V. CONCLUSIONS
Asymmetric TCM schemes by increasing the minimum product distance at the shortest effective length result in gains without paying in bandwidth or power. In this paper, a 4-state and an 8-state 8-APSK TCM schemes have been presented that have the maximum effective length of two that is possible for such schemes and that achieves minimum product distances larger than the best known 8-PSK TCM schemes. Gains of the order of 0.4 dB over fading channels have been shown to be possible at data error probabilities. This implies about 10% savings in power over symmetric 8-PSK TCM. Many applications over fading channels involve battery supplied power and hence this saving is very meaningful for such applications. It must be remembered that symmetric 8-PSK TCM already achieves large gains compared to uncoded systems. Higher asymmetry angles may result in more gains but at much higher SNR's. However, bringing the points too close together makes a system more sensitive to phase jitter due to imperfect carrier synchronization and must be avoided. Also, the crossovers may begin to happen at impractically high SNR's.
